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SPECTRUM OF PARTIAL AUTOMORPHISMS OF
REGULAR ROOTED TREE
EUGENIA KOCHUBINSKA
Abstract. We study properties of eigenvalues of a matrix asso-
ciated with a randomly chosen partial automorphism of a regular
rooted tree. We show that asymptotically, as the numbers of lev-
els goes to infinity, the fraction of non-zero eigenvalues converges
to zero in probability.
1. Introduction
We study spectral properties of semigroup of partial automorphisms
of a regular n-level rooted tree. Here by a partial automorphism we
mean root-preserving injective tree homomorphism defined on a con-
nected subtree. This semigroup was studied, in particular, in [3, 5].
For the group of partial automorphisms of a regular rooted tree, a
similar question was studied in [1]. Namely, it was shown that the
spectral measure Θ of a randomly chosen element σ of n-fold wreath
product of symmetric group Sd converges weakly in probability to the
normal Lebesgue measure on the unit circle, i.e, for any trigonometric
polynomial f ,
lim
n→∞
P
{∫
C
f(x) Θn(dx) 6=
∫
f(x) λ(dx)
}
= 0.
In contrast, for partial automorphisms of a binary rooted tree, in [4]
it was shown that the uniform distribution Ξn on eigenvalues of the
action matrix converges weakly in probability to δ0 as n→∞, where
δ0 is the delta-measure concentrated at 0. In this article we gener-
alize this result for a regular rooted tree of any degree. Specifically,
denote by Bn = {v
n
i | i = 1, . . . , d
n} the set of vertices of the nth level
of the n-level d-regular rooted tree. To a randomly chosen partial
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automorphism y, assign the action matrix Ay =
(
1{x(vni )=vnj }
)dn
i,j=1
.
Let
Ξn =
1
dn
dn∑
k=1
δλk
be the uniform distribution on eigenvalues of Ay. We show that Ξn
converges weakly in probability to δ0 as n→∞, where δ0 is the delta-
measure concentrated at 0.
The remaining of the paper is organized as follows. Section 2 con-
tains basic facts on partial wreath product of semigroup and its con-
nection with a semigroup of partial automorphisms of a regular rooted
tree. The main result is stated and proved in Section 3.
2. Preliminaries
For a set X = {1, 2, . . . , d} consider the set Id of all partial bijec-
tions. This set forms an inverse semigroup under natural composition
law, namely, f ◦g : dom(f)∩f−1 dom(g) ∋ x 7→ g(f(x)) for f, g ∈ Id.
Detailed description of this semigroup one can find in [2, Chapter 2].
Recall the definition of a partial wreath product of semigroups. Let
S be an arbitrary semigroup. For functions f : dom(f) → S and
g : dom(g)→ S define the product fg as:
dom(fg) = dom(f)∩dom(g), (fg)(x) = f(x)g(x) for all x ∈ dom(fg).
For a ∈ Id, f : dom(f)→ S, define f
a as:
(fa)(x) = f(xa), dom(fa) = {x ∈ dom(a); xa ∈ dom(f)}.
Definition 2.1. The partial wreath square of semigroup Id is the set
{(f, a) | a ∈ Id, f : dom(a)→ Id}
with composition defined by
(f, a) · (g, b) = (fga, ab)
Denote it by Id ≀p Id.
It is well-known that the partial wreath square of inverse semigroup
is an inverse semigroup [6, Lemmas 2.22 and 4.6]. We may recur-
sively define any partial wreath power of the finite inverse symmetric
semigroup. Denote by Pn the nth partial wreath power of Id.
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Definition 2.2. The partial wreath n-th power of semigroup Id is
defined as a semigroup
Pn =
(
Pn−1
)
≀p Id = {(f, a) | a ∈ Id, f : dom(a)→ Pn−1}
with composition defined by
(f, a) · (g, b) = (fga, ab),
where Pn−1 is the partial wreath (n− 1)-th power of semigroup Id
Proposition 2.1. [3] The number of elemets in the semigroup Pn is
equal to
(1) Nn =
∑
a∈Id
(Nn−1)
rank(a) = S(Nn−1) = S(S . . . (S︸ ︷︷ ︸
n
(1)) . . .),
where S(x) =
∑d
i=1
(
d
i
)2
i!xi.
Remark 2.1. Let T be an n-level d-regular rooted tree. We define
a partial automorphism of a tree T as an isomorphism y : T1 → T2
between its subtrees T1 and T2 containing root. Denote dom(y) := T1,
ran(y) := T2 domain and image of y respectively. Let PAut T be the
set of all partial automorphisms of T . Obviously, PAut T forms a semi-
group under natural composition law. It was proved in [3, Theorem
1] that the partial wreath power Pn is isomorphic to PAut T .
3. Asymptotic behavior of a spectral measure of a
regular rooted tree
Let T be an n-level d-regular rooted tree and PAut T be its semi-
group of partial automorphisms. We identify y ∈ Pn with a partial
automorphism from PAut T . Let Bn be the set of vertices of the nth
level of T . It is clear that |Bn| = d
n.
Let us enumerate the vertices of Bn by positive integers from 1 to
dn:
Bn = {v
n
i | i = 1, . . . , d
n} .
To a randomly chosen partial automorphism y ∈ Pn, we assign the
matrix
Ay =
(
1{y(vni )=vnj }
)dn
i,j=1
.
In other words, (i, j)th entry of Ay is equal to 1, if a transformation y
maps i to j, and 0, otherwise.
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Remark 3.1. In an automorphism group of a tree such a matrix
describes completely the action of an automorphism. Unfortunately,
for a semigroup this is not the case, see the example below. That is
why we cannot use technique developed by Evans in [1]. Also, the
generalization of result from [4] is not straightforward, despite the
result is similar.
Example 3.1. Consider a binary tree and the partial automorphism
y ∈ P2, which acts in the following way
v01
v11
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
v12
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
v21
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠
v22
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
v23 v
2
4
//oo
(dotted lines mean that these edges are not in domain of y). Then the
corresponding matrix for x is
Ay =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 .
We can see from Ay that y maps v
1
1 to v
1
2. However, from Ay we
cannot infer the action of y on v12, in particular, whether v
1
2 belongs
to the domain of y.
Let χy(λ) be the characteristic polynomial of Ay and λ1, . . . , λdn be
its roots, respecting multiplicity. Denote
Ξn =
1
dn
dn∑
k=1
δλk
the uniform distribution on eigenvalues of Ay.
Our main result is the following theorem.
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Theorem 3.1. For any function f ∈ C(D), where D = {z ∈ C |
|z| ≤ 1} is a unit disc,
(2)
∫
D
f(x) Ξn(dx)
P
−→ f(0), n→∞.
In other words, Ξn converges weakly in probability to δ0 as n → ∞,
where δ0 is the delta-measure concentrated at 0.
Proof. For a partial automorphism y ∈ Pn, let ηn(y) = Ξn(0) be the
fraction of zero eigenvalues of Ay, and let ξn(y) = 1 − ηn(y) denote a
fraction of non-zero eigenvalues. We have to prove that for a randomly
chosen partial automorphism y ∈ Pn
ηn(y)
P
−→ 1, n→∞,
or, equivalently,
ξn(y)
P
−→ 0, n→∞.
Thanks to the Markov inequality, it is enough to show that
Eξn(y)→ 0, n→∞.
For y ∈ Pn, denote
S(y) =
{
j : vnj ∈ dom y
m for all m ≥ 1
}
the indices of vertices of the bottom level, which “survive” under the
action of y, and define the ultimate rank of y by rk(y) = #S(y). Then
ξn(y) =
rk(y)
dn
,
whence
Eξn(y) =
Rn
dnNn
,
where Rn =
∑
y∈In
rk(y).
Also define rank y = #(dom y ∩ V n).
Recalling that
Pn = Pn−1 ≀p Id,
we can identify y ∈ Pn with an element ay ∈ Id and a collection
{yx ∈ Pn−1, x ∈ dom a}.
We can write
Rn =
∑
a∈Id
Rn(a), where Rn(a) =
∑
y∈Pn:ay=a
rk y.
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A partial transformation a ∈ Id is a product of disjoint cycles
(x1 . . . xk) and chains [x1 . . . xk], that is a(xi) = xi+1, 1 ≤ i ≤ k − 1
and xk /∈ dom a.
If x belongs to a chain, then no elements survive under x.
If x = x1 belongs to a cycle (x1, . . . , xk), then the number of ele-
ments surviving under x is
rk(yx1 · · · yxk).
As a result, if a contains cycles (xi1, . . . , xici), i = 1, . . . r, then
rk y =
r∑
i=1
ci rk
(
yxi1 · · · yxici
)
.
Therefore,
(3) Rn(a) =
r∑
i=1
ci
∑
y1,...,yci∈Pn−1
rk (y1 · · · yci) .
For a convenience the rest of the proof is split into lemmas.
Lemma 3.1. For n ≥ 2
Rn(a) ≤ Rn−1
(
Nn−1
d
)rank(a)−1
rank(a).
Proof. The element y1 can be decomposed into a product of idempo-
tent ey1 on the domain of y1 and an automorphism σy1 . Then∑
y1,...,yci∈Pn−1
rk (y1 · · · yci) =
∑
y1,...,yci∈Pn−1
rk (ey1σy1y2 · · · yci) .
Since σy1 is an automorphism, then σy1y2 is a bijection on Pn−1, so∑
y1,...,yci∈Pn−1
rk (ey1σy1y2 · · · yci) =
∑
y1,...,yci∈Pn−1
rk (ey1y2 · · · yci) .
Further S(ey1y2 · · · yci) ⊂ dom y1 ∩ S(y2 · · · yci), therefore,
∑
y1,...,yci∈Pn−1
rk (ey1y2 · · · yci) ≤
∑
y1,...,yci∈Pn−1
dn∑
k=1
1vn
k
∈dom y11vnk∈S(y2···yci).
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By symmetry, the sum
∑
y1∈Pn−1
1vn
k
∈dom y1 does not depend on k.
Hence
∑
y1∈Pn−1
1vn
k
∈dom y1 =
1
dn
dn∑
j=1
∑
y1∈Pn−1
1vnj ∈dom y1
=
1
dn
∑
y1∈Pn−1
dn∑
j=1
1vnj ∈dom y1 =
1
dn
∑
y∈Pn−1
rank(y) =:
1
dn
R′n−1.
Consequently,∑
y1,...,yci∈Pn−1
rk (y1 · · · yci) ≤
R′n−1
dn
∑
y2,...,yci∈Pn−1
rk (y2 · · · yci)
≤ · · · ≤
(
R′n−1
dn
)ci−1 ∑
yci∈Pn−1
rk (yci) =
(
R′n−1
dn
)ci−1
Rn−1.
Note that R′n−1 ≤ dNn−1, since rank of every element from Pn−1 is
not greater than dn−1. Combining this with the above inequality, we
get for n ≥ 2
Rn(a) ≤
r∑
i=1
ci
(
R′n−1
dn
)ci−1
Rn−1 ≤ Rn−1
r∑
i=1
ci
(
dn−1Nn−1
dn
)ci−1
= Rn−1
r∑
i=1
ci
(
Nn−1
d
)ci−1
≤ Rn−1
r∑
i=1
ci
(
Nn−1
d
)rank(a)−1
= Rn−1
(
Nn−1
d
)rank(a)−1 r∑
i=1
ci = Rn−1
(
Nn−1
d
)rank(a)−1
rank(a).
Lemma 3.2. For n→∞
Rn
dnNn
≤ rn
Rn−1
dn−1Nn−1
with lim supn→∞ rn ≤ 1/d.
Proof. Using Lemma 3.1, we get
Rn
dnNn
=
1
dnNn
∑
a∈Id
Rn(a) ≤
1
dnNn
∑
a∈Id
Rn−1
(
Nn−1
d
)rank(a)−1
rank(a)
=
Rn−1
dnNn
∑
a∈Id
(
Nn−1
d
)rank(a)−1
rank(a) = rn
Rn−1
dn−1Nn−1
,
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where
rn =
1
dNn
∑
a∈Id
N
rank(a)
n−1
drank(a)−1
rank(a) ≤
1
dNn
∑
a∈Id
(Nn−1)
rank(a) =
1
d
.
Here we have used (1) and the fact that for any a ∈ Id, rank(a) ≤
drank(a)−1. 
As a result,
Rn
dnNn
→ 0, n→∞,
exponentially fast. The proof of Theorem 3.1 is now immediate. 
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